In a study of surface branched coverings, one can ask naturally: Zh. 25 (1984) 606 etc. In this paper, as a complete answer to the question for regular coverings, we determine the distribution of the regular branched coverings of any nonorientable surface S when the covering transformation group and a set of branch points are freely assigned.
Introduction
Throughout this paper, a surface S means a compact connected 2-manifold without boundary, which is homeomorphic to one of the following: (B) :S − p −1 (B) → S − B, is a covering projection in the usual sense. The smallest subset B of S which has this property is called the branch set.
Let A be a finite group. For any action of A on a topological space X, a fixed point of the action is a point x ∈ X such that gx = x for some nonidentity element g of A.
An action with no fixed points is called free and an action with a finite number of fixed points is called pseudofree. A branched covering p :S → S is regular if there exists a (finite) group A which acts pseudofreely onS so that the surface S is homeomorphic to the quotient spaceS/A, say by h, and the quotient mapS →S/A is the composition h • p of p and h. We call it simply a branched A-covering. In this case, the group A becomes the covering transformation group of the branched covering p :S → S. Two branched coverings p :S → S and q :S → S are equivalent if there exists a homeomorphism h :S →S such that p = q • h.
Mednykh [12] obtained a formula for the number of nonequivalent coverings over an arbitrary compact Riemann surface with prescribed ramification type. This gives a complete answer for the question when covering surfaces are orientable.
Kwak et al. [7] introduced a polynomial R (S,B,A) (x), called a branched covering distribution polynomial, for a surface S defined as follows: for a finite group A, (x) has been computed in [7, 8, 11] when A is the cyclic group Z p , the dihedral group D p of order 2 p, or the direct sum of m copies of the cyclic group Z p , here p is prime, respectively. Recently, Kwak et al. [9] computed the total number of equivalence classes of branched orientable A-coverings of a nonorientable surface for any finite Abelian group A.
R (S,B,A) (x)
For a finite group A, Jones [6] enumerated the equivalence classes of the branched A-coverings of any given surface according to the degrees of branch points. This enables us to determine the distribution of the branched A-coverings of an orientable surface for any finite group A. But, this does not work when the base is nonorientable because a covering surface of a nonorientable surface can be orientable. As a main result of this paper, we compute the branched covering distribution polynomial R (S,B,A) (x) for any nonorientable surface S, any branch set B and any finite group A.
A classification of regular branched coverings
Let B m denote the bouquet of m loops, say 1 Let B be a finite subset of S k . For our purpose, we assume that |B| > 0 when k = 0. For a point * ∈ S k − B, the fundamental group π 1 (S k − B, * ) of the punctured surface S k − B with base point * can be presented as follows:
We call it the standard presentation of the fundamental group π 1 (S k − B, * ). For each t = 1, 2, . . . , |B|, we take a simple closed curve based at * lying in the face determined by the polygonal representation of the surface S k so that it represents the homeotopy class of the generator c t . Then, it induces a 2-cell embedding of a bouquet B m of m circles into the surface S k such that the embedding has |B|1-sided regions and one (|B| + 
By using a method to construct surface branched coverings from a voltage assignment given in [1] , Kwak et al. [7] obtained the following variant of the Hurwitz existence and classification of branched surface coverings. Notice that every branched covering surface of an orientable surface is orientable. But a branched covering surface of a nonorientable surface can be orientable or nonorientable. So, to compute the branched covering distribution polynomial R (S k ,B,A) (x) for a nonorientable surface S k , it is necessary to compute the number of equivalence classes of its branched orientable coverings. 
Let A be a finite group and let S be a subgroup of index 2 in A. For a finite subset B of a nonorientable surface S k , let C 1 (B −k+|B| → S k − B; (A, S)) denote the subset of C 1 (B −k+|B| → S k − B; A) consisting of voltage assignments ϕ satisfying the condition:
Then, one can say
which contains all representatives of branched orientable A-coverings of a nonorientable surface S k whose corresponding subgroup of index 2 is S. We summarize our discussions as follows. 
are equivalent if and only if there exists an automorphism σ on
Clearly, if the group A does not have a subgroup of index 2, then every A-covering of a nonorientable surface S k is nonorientable. We say that two subgroups S 1 and S 2 of a group A are similar if there exists an automorphism σ on A such that σ (S 1 ) = S 2 . Now, from Theorem 2, one can see that
) contains all representatives of branched orientable A-coverings of the nonorientable surface S k whose branch sets are B, where S runs over all representatives of similarity classes of subgroups of index 2 in A.
Polynomial R (S k ,B,A ) (x)
From now on, we only consider nonorientable surface S k , that is, k < 0. Let A be a finite group and let |B| = b for convenience. For a sequence of positive integers
. . , b, and ϕ satisfies (C3)}|. 
be the set of all automorphisms on A which fixes the subgroup S, i.e. σ (S) = S. Now, the following comes from Theorems 1 and 2.
Theorem 3. Let A be a finite group and let B be a b-subset of a nonorientable surface S k . Then
where S ranges over the representatives of similarity classes of subgroups of index 2 in A and 
It comes from Möbius inversion that
where µ is the Möbius function for a group A, which assigns an integer µ(K ) to each subgroup K of A by the recursive formula
. . , α b ) denote the number of homeomorphisms from π 1 (S k − B, * ) to A such that the image of the generator corresponding to the i th branch point is of order α i for i = 1, . . . , b, and the image of a generator lies in S if and only if the generator corresponds to a branch point. That is,
. . , b, and ϕ satisfies (C3)}|.
Let S be a subgroup of index 2 in A. A subgroup K of A is said to be a subgroup of the
Then, an analogous argument gives that
For computational convenience, we describe Theorem 3 in another way. Let
which are the numbers of epimorphisms with the total deficiency b∈B def p (b) = b |A| − g(α) in the respective cases. In the following result, we can rephrase Theorem 3.
Theorem 4. Let A be a finite group and let B be a b-subset of a nonorientable surface
where
, and S ranges over the representatives of similarity classes of subgroups of index 2 in A.
To complete the computation of a i (S k , B, A), one should determine the numbers
. . , α b ) for any finite group A and its subgroup S of index 2. This will be carried out in the following section.
Enumeration of homeomorphisms
By using the computational method given in [5] , Jones [6] expressed the number H k (A; α 1 , α 2 , . . . , α b ) in terms of irreducible characters of A and computed it explicitly in some special cases. Throughout this section, let Irr(A) denote the set of all irreducible complex characters of the group A, and for ξ ∈ Irr(A), let ξ α i = g∈A, o(g)=α i ξ(g).
Theorem 5 ([6]
). Let A be a finite group and let k < 0. Then 
and e (ξ ) e (η) = e (ξ ) δ ξ,η , forming mutually orthogonal central idempotents in the group algebra C[A] (see e.g. [10] , p. 147). These results allow us to describe Theorem 5 in a compact manner. Also, from these results, we have
Now, the following lemma comes from the fact that the set {g ∈ A : o(g) = α i } is a union of conjugacy classes of A. 
Let S be a subgroup of index 2 in A and fix an element t ∈ A − S. Then for each ξ ∈ Irr(S) the character ξ t defined by ξ t (s) = ξ(tst −1 )(s ∈ S) is also an irreducible character of S. An irreducible character ξ of S is said to be of type 1 (or ξ ∈ 1 (S)) if ξ and ξ t are distinct, and of type 2 (or ξ ∈ 2 (S)) otherwise. It is known [4, 10] that ξ ∈ 1 (S) if and only if there exists an irreducible characterξ of A such thatξ S = ξ + ξ t , and that ξ ∈ 2 (S) if and only if there exists an irreducible characterξ of A such that ξ S = ξ , whereξ S is the restriction ofξ to S.
Let C 1 = {1}, . . . , C h be the conjugacy classes in the subgroup S. Notice that the union of two distinct conjugacy classes in S can be a conjugacy class in A. Hence
and hence
Multiplying this equation by 1 |S| ξ(a) and summing over ξ ∈ 1 (S), one can obtain
If ξ ∈ 2 (S), then, by a similar computation, we have
for each a = 1, . . . , h, and hence
By a similar computation, we can see that
and
We summarize our discussions as follows.
Lemma 2. Let A be a finite group and let S be a subgroup of index 2 in
A. Then (a) g∈S g 2 = |S| ξ ∈ Irr(S) c ξ ξ(1) e (ξ ) = h i=1 ξ ∈ Irr(S) c ξ ξ (i ) C i . (b) g∈A−S g 2 = |S| ξ ∈ Irr(S) d ξ ξ(1) e (ξ ) = h i=1 ξ ∈ Irr(S) d ξ ξ(i ) C i , where d ξ = cξ − c ξ if ξ ∈ 1 (S) and d ξ = 2cξ − c ξ if ξ ∈ 2 (S).
Now, we are ready to compute the number H k ((A, S)
of the group algebra C[A]. By using Lemmas 1 and 2, and the fact that e (ξ ) e (η) = e (ξ ) δ ξ,η , we have
where the second equality comes from the definition of e (ξ ) . Now, by taking the coefficient of C 1 = 1, we have the following theorem.
Theorem 6. Let A be a finite group with a subgroup S of index 2 and let k
< 0. Then H k ((A, S); α 1 , α 2 , . . . , α b ) = |S| −k−1 ξ ∈ Irr(S) d −k ξ ξ(1) −k+b−2 ξ α 1 · · · ξ α b , where d ξ = cξ − c ξ if ξ ∈ 1 (S) and d ξ = 2cξ − c ξ if ξ ∈ 2 (
S).
Notice that if A = S × Z 2 , then every irreducible character of S is of type 2 and cξ = c ξ .
Corollary 1. Let S be any finite group and let k
Notice that
for any fixed irreducible character ξ of a group A. For convenience, let [z r ] f (z) be the coefficient of z r in the polynomial f (z). Now, the following comes from Theorems 5 and 6.
Corollary 2. Let A be a finite group and let k < 0. Then we have
and for any subgroup S of index 2 in A,
As the last part of this section, we compute the number H k ((A, S); α 1 , α 2 , . . . , α b ) for an finite Abelian group A. In this case, it is possible to find a formula for the number in terms of only ξ ∈ Irr(S) and c ξ , but not involving cξ . For a fixed element g in A − S, let C S (g, α 1 , α 2 , . . . , α b ) = {(x, y 1 , . . . , y b 
Let A be a finite Abelian group and let S be a subgroup of index 2 in A. Then the number H k ((A, S); α 1 , α 2 , . . . , α b ) is equal to the cardinality of the set 
is a bijection and the correspondence between X and Z which sends (x 1 , . . . ,
where g is a fixed element in A − S. Now, the following comes from Theorem 5 and Lemma 3.
Theorem 7. Let k < 0 and let A be a finite Abelian group with a subgroup S of index 2. Then
where g is a fixed element in A − S.
Corollary 3. Let A be a finite Abelian group. Then we have
H k (r, b, A) = [z r ]                |A| 2k−1 ξ ∈ Irr(A)   α A|,α =1 ξ α z |A| α   b if k ≥ 0, |A| −k−1 ξ ∈ Irr(A) c −k ξ   α A|,α =1 ξ α z |A| α   b if k < 0,
and for any subgroup S of index 2 in A,
where g is any fixed element in A − S.
Applications
In this section, as a demonstration of our computational formulas, we compute explicit formulas for the distribution polynomial when the covering transformation group A is the cyclic group Z n of order n or the dihedral group D n of order 2n.
Notice that there are n irreducible characters ξ of Z n which are obtained by mapping a generator of Z n to an nth root of unity, i.e. each irreducible character of Z n is a group homeomorphism from Z n to the unit circle in the complex plane. If ξ maps a generator α of Z n to the ath power of the primitive nth root of unity, then ξ α is the sum of the ath power of the primitive αth roots of unity. This is a Ramanujan sum, so it comes from Theorem 272 in [3] that
, where µ is the Möbius function and φ is Euler's function. From this, one can obtain
Let ξ be an irreducible character of Z n . Then c ξ = 0 if and only if ξ sends a generator of Z n to 1 or to −1. So, if n is odd, then ξ is the principal character, and if n is even, ξ is either the principal character or the alternating character. In this case, c ξ = 1. Moreover, Z n has a normal subgroup of index 2 if and only if n is even. By Corollary 3 and this fact, for any k < 0, we have
Notice that a subgroup of a cyclic group Z n is also cyclic, say Z m with m | n and that µ(Z m ) = µ n m , and for a subgroup
)| for any n. Now, by applying Theorem 4, we can find an explicit form of the polynomial R (S k ,B,Z n ) (x) for any S k , B and n (see Table 1 ). (All computations were carried out using Maple.) When p is prime the polynomial R (S k ,B,Z p ) (x) can be found in [7] . To compute the covering distribution polynomial
, a primitive nth root of unity. If n is even, then there are n 2 +3 irreducible characters of D n (see [10, pp. 65-66] 
If n is odd, then there are
2 ):
Notice that c ξ = 1 for each irreducible character ξ of D n . From this and Corollary 2, we can see that for any k < 0 the number
Notice that if n is odd, then the cyclic subgroup Z n of D n is the unique subgroup of index 2. If n is even, then there are two equivalence classes of subgroups of index 2; the subgroup Z n itself and the other consisting of two subgroups that are isomorphic to D n 2 , say S 1 and S 2 . We observe that an irreducible character ξ of Z n is of type 2 if and only if ξ is the principal character or the alternating character. Let ξ be an irreducible character of D n 2 for even n. If n ≡ 2 (mod 4), then ξ is of type 2. If n ≡ 0 (mod 4), ξ is of type 2 if and only if ξ = ξ (1, 0) and ξ = ξ (1, 1) . Now, the following comes from the definition of (1, 0) or ξ = ξ (1, 1) ) and n ≡ 0 (mod 4). 1 otherwise.
By Corollary 2, for any k < 0 and any n, we have
Notice that a subgroup of D n is isomorphic to Z m or D m for some m | n. If n is odd, then there is only one subgroup of index 2 of D n which is Z n , and if n is even, there are two equivalence classes of subgroups of index 2; the subgroup Z n itself and the other consisting of two subgroups that are isomorphic to D n 
Further remarks
For any nonorientable surface S k and any finite group A, the number Isoc O (S k , B; A) of equivalence classes of connected branched orientable A-coverings of S k with branch set B is
where S ranges over the representatives of similarity classes of subgroups of index 2 in A.
Now, the following corollary comes from Theorems 5 and 6. We observe that the number Isoc OR (S k , B; n) of equivalence classes of regular branched connected orientable n-fold coverings of a nonorientable surface S k with branch set B is equal to Observe that for any two surfaces S i and S k , the number Isoc R (S k , B; S i ; n) of equivalence classes of regular branched connected n-fold coverings ρ : S i → S k with branch set B is equal to
Corollary 4. Let A be a finite group and let B be a b-subset of a nonorientable surface S k . Then we have
where A ranges over the representatives of isomorphism classes of groups of order n. This is an answer to the original question when the covering is regular. Now, by combining the results in Jones [6] and the results in this paper, we can obtain a complete answer. Notice that Isoc R (S k , B; S i ; n) is finite and constant for any finite subset B of S k with the same cardinality.
For example, we consider the case i = 3 and k = −2. Assume that there is a branched A-covering ρ : S 3 → S −2 with branch set B. Then, by the Riemann-Hurwitz equation, we can see that 1 ≤ |B| ≤ 2. If |B| = 1, then |A| = 6 or 8, and if |B| = 2, then |A| = 4. Now, by the classification theorem for finite groups and our results, we have Table 2 . In Table 2 , the column entitled "the others" includes the dihedral group D 3 of order 6, and Z 2 ⊕Z 2 ⊕Z 2 Table 2 The number a 3 (S −2 , B, A)
The and Q 8 (the quaternion group) which are of order 8, as well as all groups whose order is not 4, 6 and 8. We conclude from Table 2 , in the notation above, that 
